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Abstract 
A theoretical quantum Brayton engine research has been carried out using a potential box system to 
increase its thermal efficiency. The method applied in this research is a classical thermodynamics system 
model in the form of a piston tube containing a monatomic ideal gas analogous to a quantum model in the 
form of a potential box containing one particle.  The efficiency formulation of the quantum Brayton engine 
obtained from this study is following the classical version. However, the efficiency value obtained on a 
quantum Brayton engine is higher when compared to its classic. It happens because the value of the Laplace 
constant owned by the Brayton quantum version is 3, while the classic version is 5/3. 
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1. Introduction 
Energy is one of the basic needs that cannot be 
separated from human life. Geothermal, nuclear 
fission, and fossil fuels are a few examples of the 
many sources of thermal energy. In order that 
energy can be utilized by the public, they invented 
a heat engine that can convert that energy into 
mechanical work. However, not all heat flowed into 
the system is converted to mechanical work, so the 
rest of the heat that cannot be changed is 
discharged into a low-temperature bath [1,2]. The 
main problem with heat engines today is that they 
have low thermal efficiency. One way to increase 
the efficiency of a heat engine is to replace a 
classical system with a quantum system.  
The ideal gas trapped in a piston tube is a model 
of the classical thermodynamics version of the 
system. Piston mounted on a tube can expand and 
compress the working substance adiabatically, 
isobaric, isothermal, or isochoric. When the four 
processes are combined, they will form cycles such 
as Carnot, Otto, Brayton, Diesel, etc. Then, this 
classical system is substituted by a quantum 
system. The quantum system applied can be either 
an infinite potential well [3–11] or a harmonic 
oscillator [12–14] to produce an engine efficiency 
that exceeds the classical version.  
The adiabatic and isobaric processes are two 
processes that create the Brayton cycle. The 
adiabatic and isobaric each divided into two 
processes, namely the expansion and compression. 
In a classical system, the system absorbed thermal 
energy from the high-temperature bath and out of 
the system towards a low-temperature bath. 
Research on the efficiency of the quantum Brayton 
engine has been carried out using a 1-dimensional 
potential well system [6,8,15]. However, research 
on quantum heat engines using a 3-dimensional 
system was just being carried out by Sutantyo et al 
[16] and Saputra [17]. Therefore, this research 
offers a quantum Brayton engine with a quantum 
system in the form of the symmetrical 3-
dimensional potential well containing one particle 
instead of a piston tube. 
2. Theoretical Model 
The theoretical model used is to analogize a 
classical thermodynamics system in the form of a 
piston-cylinder containing monoatomic gas with a 
quantum system in the form of a symmetrical 
potential box containing a single particle. The 
system is represented in Figure 1. 
 
Figure 1. A particle with mass m inside the poten-
tial box as a quantum system.  
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That figure shows a nonrelativistic particle of mass 
m trapped in a box potential well which is 
symmetrical (𝐿𝑥 = 𝐿𝑦 = 𝐿𝑧 = 𝐿). The equation that 
can represent the system is the independent time 




∇2𝜙(𝑥, 𝑦, 𝑧) = 𝐸𝜙(𝑥, 𝑦, 𝑧), 
(1) 
with boundary condition 𝜙(0, 𝑦, 𝑧) = 𝜙(𝑥, 0, 𝑧) =
𝜙(𝑥, 𝑦, 0) = 𝜙(𝐿, 𝑦, 𝑧) = 𝜙(𝑥, 𝐿, 𝑧) = 𝜙(𝑥, 𝑦, 𝐿) = 0, 
then a general solution is obtained from the 
equation (1) is 














with quantum number k, l, m = 1, 2, 3,… 
Eigenfunction in the equation (1) is associated with 
eigen energy 
𝐸𝑘𝑙𝑚(𝐿) = (𝑘




The relationship between the energy of the system 
in equation (3) with the mechanical force wall of the 








Because the classical thermodynamics system 
is analogous to the quantum system, some 
thermodynamics quantities have been changed 
according to Bender et al [3]. Some of these 
quantities are shown in Table 1. The quantum 
Brayton engine in this study is a quantum heat 
engine with a quantum system, namely a cubic 
potential (3D symmetric). The 3D quantum Brayton 
engine can be viewed as a combination of a 1D 
Brayton engine  [8] whose potential walls can move 
freely like a piston in the x, y, and z (three degrees 
of freedom) direction.  Because the system used in 
this study is a cubic potential (𝐿𝑥 = 𝐿𝑦 = 𝐿𝑧), the 
total work Wtotal and heat input Qin on this 3D engine 
can be determined by simply calculating Wtotal and 
Qin on 1D that operates on the x-axis and the result 
is multiplied by three. Research with a similar 
system for the quantum heat engine was carried out 
by Sutantyo et al [16] for the Carnot engine and 
Saputra [17] for the dual engine. By analogizing 
some classical thermodynamics variables to 
quantum version, the Brayton engine graph which 
is previously pressuring as a function of the volume 
of the cylinder [P(V)] become the mechanical force 
of the potential well wall as a function of the width 
of the potential well [F(L)]. The graph is shown in 
Figure 2. 
However, every thermodynamic process that 
occurs in the reversible Brayton cycle is in a quasi-
static state for a long time, so that the state of the 
system at each point or between two points that 
form a process is in a thermodynamic equilibrium 
condition[14]. The equation (2) and (3) are 
considered satisfying under this condition [17]. 
Point A is the starting point in the Brayton 
cycle. Because we choose that the particle is in the 
ground state (k = 1, l = 1, m = 1), the wave function 
and its total energy is 𝜙111 and 𝐸111.  
We will calculate the total work Wtotal and 
absorbed heat Qin for the Brayton cycle in the x-axis 
direction. The first stage (A ⤇ B process) is an 
isobaric expansion process (LA ⤇ LB) in which the 
particle undergoes superposition in the ground 
state (111) to the first excitation state (211, 121, 
and 112). The condition occurs because the heat 
flow into the system makes the particle undergo 
excitation. In the classical system, the heat source 
absorbed by the Brayton engine comes from a high-
temperature bath, whereas in the quantum version 
it is analogous to come from a high energy bath [18]. 
The particle wave function Φ in this process is  
 
Figure 2. Quantum Brayton engine curve. 
Table 1. Quantity of the thermodynamics in 
the classical and quantum versions. 




1 Temperature (T) 
Expectation Value of 
Hamiltonian or 
Total Energy (E) 
2 Volume (V) 
The Width of the 
Well (L) 
3 Pressure (P) 
Mechanical force on 
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Φ𝐴𝐵(𝑥, 𝑦, 𝑧) = 𝑎111𝜙111 + 𝑎211𝜙211
+ 𝑎121𝜙121 + 𝑎112𝜙112. (5) 








The width of the wells on the x, y, and z axes are 
equal (symmetrical). So, the particle excitation state 
is represented by 211 levels in the x-axis. The total 
energy process for a quantum system in the form of 
the symmetrical box is 





By utilizing equation (4), the force on the first stage 
process is 





Because the first stage is the isobaric expansion, the 
wall of a potential box expanded in a constant force 
(𝐹𝐴 = 𝐹𝐴𝐵). By using equation (8) and (4) at point A, 





By equation (9) and the mechanical force of the wall 
in the potential box in equation (8), then the work 












3 − 1]. (10) 
By using the equation in the first law of 
thermodynamics, equation (10), and equation (3) 
applied to points A and B, the amount of heat that 
enters the system is 
𝑄𝐴𝐵
(𝑥) = 𝐸𝐵 − 𝐸𝐴 + 𝑊𝐴𝐵
(𝑥) 










2 ].  (11) 
The second stage (B ⤇ C process) is an 
adiabatic expansion process (LB ⤇ LC). At this stage, 
the probability value of a particle occupying a state 
is fixed during the expansion process take place. 
Although there is no heat entering and leaving the 
system, the work done by the system is not zero but 
depends on the difference in internal energy.  The 
particle wave function in this stage is 
Φ𝐵𝐶(𝑥, 𝑦, 𝑧) = 𝑎211𝜙211 + 𝑎121𝜙121
+ 𝑎112𝜙112. (12) 





By knowing the system's total energy in this 
process contained in the equation (13), the 




















2 ]. (15) 
The third stage (C ⤇ D process) is an isobaric 
compression process (LC ⤇ LD). The particle returns 
to the ground state (111) because heat flows out of 
the system into a low energy bath during 
compression. The wave function Φ𝐶𝐷  and the 
energy E𝐶𝐷  in this process is the same as in 
equations (5) and (7). The force of the potential box 
wall 𝐹𝐶𝐷 is the same as equation (8). The potential 
wall width at point D is 







By using equation (8) and (16), the system work in 
this process is  
𝑊𝐶𝐷
(𝑥)




























Adiabatic compression is the final process in 
the Brayton engine (D ⤇ A process). The state of the 
level occupied by the particle in this process is 
(111) with the wavefunction Φ𝐷𝐴 is 
Φ𝐷𝐴(𝑥, 𝑦, 𝑧) = 𝜙111, (18) 










Mechanical work performed by the system in this 
process is 
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By summing equation (10), (15), (17), and (21), 
then multiple by three, the total work for the cubic 


















2 ].  (22) 
Heat absorbed by the Brayton cycle in the x, y, and 












2 ].  (23) 
The thermal efficiency of a quantum Brayton engine 
can be determined based on the second law of 
thermodynamics [1,2]. By dividing equation (22) 
with equation (23), then the efficiency of a quantum 
Brayton engine with a single particle inside the 















.  (24) 
By applying the equation (4) at point A and C, the 
efficiency formulation (24) becomes  







with rF is the ratio between the force at point A with 




3. Result and Discussion 
  The equation (24) and (25) have the same form 
as its classical version. If the ratio of force 𝑟𝐹 
substituted into equation (25) with the variant 
value and the Laplace constant value for monatomic 
gas ( 𝛾𝐶 =
5
3
) and single nonrelativistic particle 
(𝛾𝑄 = 3), then it will form the graph in Figure 3. In 
the figure, the thermal efficiency of the quantum 
Brayton engine has a high-efficiency value 
compared to the classical version even though the 
value of the force ratio is the same. This indicates 
that the efficiency of the engine can be influenced 
by the working substance.  
The Brayton engine efficiency [see equation 




) but also depends on the degree of freedom of a 
system. The system used in this study is a 3D 
potential well containing one particle. This system 
has three degrees of freedom represented by three 
levels of state, namely k, l, and m. In a previous 
study, the system used is a 1D with one degree of 
freedom [8] and 2D with two degrees of freedom 
[19] represented by one and two-level of state, 
respectively. 
  The efficiency equations of a quantum Brayton 
engine with the potential well system with different 
dimensions can be seen in Table 2. When the three 
quantum Brayton engines with the same quantum 
 




) and the quantum version (𝛾𝑄 =
3) of the Brayton engine.  
 
Figure 4. The efficiency curve for 1D, 2D, and 3D 




Table 2. The equation of a quantum Brayton engine 
with different dimensions. 
No The dimension of 
the potential well 
The Efficiency 
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system with different dimensions (1D [8], 2D [19], 
and 3D potential wells) are compared by 
substituting the same compression ratio value and 
the state of the particles from the ground state to 
the first excited state, it will produce a graph in 
Figure 4. If the value of the compression ratio is 0.3, 
then the efficiency value of the quantum Brayton 
engine for 1, 2, and 3 dimensions are 77.32%, 
83.42%, and 85.71%, respectively. The efficiency of 
a quantum Brayton engine with a 3 dimensional 
potential well system shows a higher value when 
compared with 1D and 2D systems. This happens 
because the 3D system has 3 degrees of freedom. 
4. Conclusion 
Two things can be concluded in this paper. 
First, the thermal efficiency of the quantum Brayton 
engine is higher because the working substance is 
in the form of a single particle which has a Laplace 
constant 𝛾𝑄  value is 3, while the classical version 
has a working substance in the form of monoatomic 
gas with a Laplace constant 𝛾𝐶  value is 5/3. The 
higher the Laplace constant of a working substance, 
the higher the efficiency of the engine [11].  
Second, the efficiency with a 3D symmetrical 
potential well (cubic) system is higher when 
compared to 1D and 2D systems. The thermal 
efficiency of the cubic (3D) quantum system is 
higher than 1D and 2D due to the number of 
degrees of freedom it has. The 3D degree of freedom 
is represented by the level of state k, l, and m. 
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